We present an approach to achieve efficient single-photon frequency conversion in the microwave domain based on coherent control in superconducting quantum circuits, which consist of a driven artificial atom coupled to a semi-infinite transmission line. Using full quantum mechanical method, we analyze the single-photon scattering process in this system and find that single-photon frequency up-or down-conversion with efficiency close to unity can be achieved by adjusting the parameters of the control field applied to the artificial atom. We further show that our approach is experimentally feasible in currently available superconducting flux qubit circuits.
I. INTRODUCTION
Quantum networks may be made up of hybrid quantum structures combining the advantages of different quantum systems at different energy scales [1] , where photons are usually used as "flying" qubits for efficient transmission of quantum information over large distances [2] , and trapped atoms (or ions, quantum dots, etc.) as "stationary" qubits for manipulation and storage [3] [4] [5] . To couple different quantum systems, efficient frequency conversion of photons is required and plays important role ranging from quantum communication to quantum-information processing [6] [7] [8] [9] [10] [11] [12] [13] [14] . Moreover, this technique could facilitate reliable detection of singlephoton by converting the frequency of photons to a spectrum range available for photon detectors [15] [16] [17] . Frequency conversion can also be used to generate photons at frequencies for which we have no suitable photon sources [18] .
Recent advances in nanoscale device fabrication enable the control of light-matter interactions in ultra low power regimes. By strongly coupling photons in nano-structures, unprecedented optical devices at single-photon level [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] can be realized. Typically, the strong light-matter interactions can be achieved by placing a quantum emitter inside a cavity [21, 22] , called cavity electrodynamics (cavity-QED), or coupling a quantum emitter to a one-dimensional waveguide, called waveguide electrodynamics (waveguide-QED) [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Based on waveguide-QED structure, some effective single-photon frequency conversion schemes [35] [36] [37] have been proposed.
The waveguide-QED structure can be realized based on superconducting circuits by coupling a superconducting artificial atom to a one-dimensional transmission line [38] [39] [40] [41] [42] [43] [44] . We know that the operating frequency for waveguide QED system is usually determined by the material properties of the quantum emitter and can not be engineered. However, for superconducting artificial atoms, e.g., flux qubit [45] , fluxonium [46] , and phase qubits [47] , the spacings of energy levels and transition elements are tunable by adjusting external variables [48] [49] [50] . Meanwhile, recent experiments show that these systems exhibit high atom-waveguide coupling efficiency [38] [39] [40] [41] [42] [43] [44] , meaning low leakage of photons into nonwaveguided degrees of freedom. In this paper, by utilizing these advantages of superconducting quantum circuits, we propose an approach to realize efficient frequency conversion for microwave single-photons with tunable input and output frequency. Different from existing methods using a Josephson parametric converter [51] , or using dressed-state engineering of a driven circuit-QED system [52] , our proposal is based on a waveguide-QED structure that a driven three level artificial atom with ∆-type transition [48, [53] [54] [55] [56] (e.g., flux qubit) is coupled to a semi-infinite transmission line. Using a full quantum mechanical method, we find that by adjusting the parameters of the classical control field, the proposed device can achieve single-photon frequency up-or down-conversion with efficiency close to unity. Note that existing proposals of single-photon frequency conversion based on waveguide-QED structures [35, 36, 52, 57] , to obtain a high conversion efficiency, the ratio between different decay rates of the emitter should satisfy particular condition. However, our approach, benefiting from the control field, allows arbitrary decay rates of the transition channels relevant to single-photon frequency conversion. We also note that recently three-wave mixing [58] and frequency conversion [59] of classical microwave fields via a single three-level superconducting qubit has been studied.
The paper is organized as follows. In Sec. II, we give a general theoretical model for single-photon frequency conversion, including Hamiltonian and equations of motion in Sec. II A, the scattering problem of a monochromatic single-photon in Sec. II B, and the scattering problem of a single-photon with finite bandwidth and corresponding frequency-conversion efficiency in Sec. II C. Then, in Sec. III, using experimentally feasible parameters, we study a physical realization of proposed frequency convertor using a superconducting flux qubit embedded at the end of a semi-infinite one-dimensional trans- mission line. Finally, further discussions and conclusions are given in Sec. IV.
II. SINGLE-PHOTON FREQUENCY CONVERSION

A. Hamiltonian and equations of motion
In this section, we give a general theoretical framework for the frequency-conversion process. The system consists of a ∆-type three-level quantum emitter being placed at one end of a semi-infinite waveguide, as shown in the upper schematic diagram in Fig. 1(a) . The quantum emitter can be flux qubit [45] , fluxonium [46] , phase qubit [47] , or other types of superconducting artificial atoms, and here the "waveguide" represents a transmission line. This coupling configuration is widely adopted in experiments based on superconducting quantum circuits [60, 61] . In this case, the propagation of the right-and left-going modes in the transmission line is then restricted to x < 0. They can be easily mapped to a unidirectional transporting even modes [26, 31] , as shown in the lower schematic diagram in Fig. 1(a) . For convenience, our calculation on single-photon scattering will be based on this equivalent configuration. Note that this type of chiral modes is important to realize a high conversion efficiency, as discussed in Refs. [35, 36] , where a Sagnac interferometer is utilized to generate effective even modes. The energy level structure of the quantum emitter is shown in Fig. 1(b) . Three energy levels are denoted by |1 , |2 , and |3 , respectively. They possess ∆-type transition. In our proposal, the transition channels |1 ↔ |3 and |1 ↔ |2 are used to interact with single-photons relevant to frequency conversion. Thus the microwave modes coupling to these transitions are modeled as quantized fields. Moreover, a classical microwave, acting as a control field, with frequency ω and Rabi frequency Ω, is applied to couple the levels |2 and |3 .
In real space, the total Hamiltonian describing the system shown in the lower schematic diagram in Fig. 1(a) can be written asĤ
whereĤ WG describes the free propagation of the photons in the waveguide,Ĥ atom describes the quantum emitter,Ĥ int describes the interaction between the quantized fields and the emitter, andĤ d describes the interaction between the classical driving field and the emitter. The free-photon Hamiltonian can be written aŝ
where v g is the group velocity of the photons. Here we have assumed that the entire frequency range of interest is far away from the cutoff frequency of the waveguide, so that the linear dispersion relation holds. In addition, we assume the transitions frequencies greatly exceeds the linewidths (given by the effective decay rate). As a result, only modes in a very narrow frequency interval around the energy levels can efficiently interact with the emitter. Thus we can safely treat the waveguide modes as two distinct ones, i.e., a-and b-modes. Specifically, in Hamiltonian (2),â † e (x) [â e (x)] is bosonic operators creating(annihilating) an a-mode photon at x, andb † e (x) [b e (x)] is the bosonic operator of b-mode photons. Note that both aand b-modes are even modes [26, 31] , thus we use the subscript "e" to denotes them.
The atomic Hamiltonian is given bŷ
where ω i1 is the transition frequency from the state |i to the state |1 . Here the energy of the ground state |1 is set to zero as reference. Additionally, in the spirit of the quantum jump picture [62] , we introduce imaginary parts −iγ i /2 in the Hamiltonian. These dissipation terms model the pure dephasing due to fluctuations of atomic levels and the photon loss due to coupling to the modes other than waveguide aand b-modes. Under rotating wave approximation, the interaction between the classical driving field and the emitter can be represented by the following Hamiltonian :
where ω and Ω are the frequency and Rabi frequency of the classical field, respectively. Without loss of generality, the Rabi frequency is assumed to be real. Under rotating wave approximation, the interaction between the quantized modes in waveguide and the emitter is represented by the following Hamiltonian :
where V 21 and V 31 are the coupling strengths. For single-photon scattering problem, a general interaction state |Ψ (t) can be expanded in the single-photon subspace as (6) where |∅, 1 is the vacuum state, representing zero photon in the waveguide and the atom in its ground state. |∅, i is the 0-photon state with the atom in the exited state |i (i = 2, 3).
is the wave function of a-(b-) mode singlephotons. λ i (t) is excitation amplitude of the the atomic level |i . The dynamics of system is governed by the Schrödinger equationĤ
By substituting Eq. (6) into Eq. (7), we obtain the following equations of motion:
B. Single-photon scattering spectra
Down-conversion
We first deal with the frequency down-conversion problem. Let us assume that the atom is initially (t → −∞) in its ground state and a monochromatic a-mode photon (i.e., its frequency is near ω 31 ) is incident, the corresponding state of the whole system can be written as
where ν and k are frequency and wave vector of photon, satisfying dispersion relation ν = v g k. Under this initial condition, when the atom interacts with the photon, the excitation amplitude λ 3 (t) in the state (6) should oscillate at the incoming-photon frequency ν, and the excitation amplitude λ 2 (t) should oscillate at the difference frequency ν ′ = ν − ω between the incoming photon and the classical field. After scattering, the frequency of outgoing photon may either stay unchanged or experience a red shift. Thus the amplitudes of the state vector (6) should take the following ansatz:
where T a and T b are the transmission coefficients of a-and b-mode photon, respectively. k ′ = k − ω/v g is the wave vector of red-shifted photon, θ(x) denotes the Heaviside step function, and Λ i (i = 2, 3) is the time independent part of λ i (t). Clearly, |T a | 2 gives the probability of elastic scattering, ( i.e., the outgoing photon experiencing no frequency shift), and |T b | 2 gives the probability of inelastic scattering (i.e., a photon with down-shifted frequency ν ′ = ν − ω is generated).
Substituting Eqs. (13)- (16) into Eqs. (8)- (11), the equations for transmission coefficients of photon and excitation amplitudes of emitter are given by
Solving Eqs. (17)- (20), we have 
where
is the detuning of the classical driving field.
We find that efficient frequency conversion can be realized by adjusting the parameters of the classical field. Specifically, if we set
then the transmission probabilities for an incident photon onresonance with the emitter (i.e., ν = ω 31 ) are
This result shows that after interacting with the emitter, an incoming a-mode photon is totally converted to a photon of other modes (b-mode or reservoir). In particular, if there is no photon loss (γ 2 = γ 3 = 0), an incident photon with frequency ω 31 will completely convert to a photon with frequency ω 31 − ω. In fact, if we rewrite Eqs. (17) and (18) as
then one can find that the elastic-scattering photon results from the interference between the directly transmitted pho-ton [represented by the first term in Eq. (28)] and the reemitted photon by the atom [represented by the second term in Eq. (28)]. Under the optimal frequency conversion condition (25) , the interference is destructive, giving zero transmission (i.e.,T a = 0) for an a-mode photon on-resonance with atomic transition |1 ↔ |3 . If there is no photon loss, according to photon number conservation, the incident a-mode single photon must convert to a b-mode single photon. Now we discuss the transmission spectra in more details. When the emitter dissipation rate is not included (i.e., γ 2 = γ 3 = 0), the condition (25) becomes
The corresponding transmission probabilities |T a (ν)| 2 and
where 
and
, exhibiting inverted Lorentzian and Lorentzian line shape, respectively, as shown in Fig. 2(c) . Clearly, only a photon with frequency ranging from ω 31 − Γ 31 to ω 31 + Γ 31 can be efficiently converted to a frequency down-shifted photon. If η ≪ 1, the transmission spectra around the resonant point can be ap-
. In this case, only a photon with frequency ranging from ω 31 − Γ 21 to ω 31 + Γ 21 can be efficiently converted to a frequency down-shifted photon, as shown in Fig. 2 
(a).
It should be emphasized that in our proposal of frequencyconversion, even if the ratio between Γ 21 and Γ 31 is arbitrary, conversion efficiency close to unity can be achieved in the presence of the tunable control field Ω. While in the schemes based on Λ-type quantum emitter [35, 36] , to obtain a high conversion efficiency, equal decay rates (i.e., atom-waveguide coupling rates) for different transition channels are required, which is not easy to be achieved in real cases.
In practice, there always exists photon loss due to emitter coupling to environment. The transmission spectra in the presence of atomic dissipation are shown in Figs. 2(d)-(f). If there are no dissipative processes, the sum of the transmission coefficients should satisfy |T a | 2 + |T b | 2 = 1. However, when the atom dissipation rate is included, the leakage of photons into the degrees of freedom other than waveguide modes (i.e., a-and b-modes) can lead to
. To obtain a highly efficient frequency conversion, we need to guide most of the decayed photons into waveguide modes, i.e.,
In this case, according to Eq. (26), the transmission probability of an on-ressonance b-mode photon can be approximated as
Up-conversion
If the emitter is initially prepared in its ground state |1 , the frequency of an incident b-mode photon (with frequency near ω 21 ) can also be up-converted. In this case, the initial state of system is
The calculations are similar to those of frequency downconversion, and the main results are summarized below. The transmission coefficients of photon and the excitation amplitudes of emitter are given bỹ
Here, |T b | 2 gives the probability of elastic scattering, ( i.e., the outgoing photon experiencing no frequency shift), and |T a | 2 gives the probability of inelastic scattering (i.e., a photon with up-shifted frequency ν + ω is generated). The optimal parameters of the classical driving field for frequency up conversion are
And the resulting transmission coefficients for an onresonance incoming photon (with ν = ω 21 ) are
meaning that in ideal case γ 2 = γ 3 = 0, an incoming photon with frequency ν will be completely converted to a outgoing photon with frequency ν + ω.
C. Scattering of a single-photon with finite bandwidth
Now we construct the scattering matrix using the scattering eigenstates given above. Here we take frequency downconversion case as an example. According to the LippmannSchwinger formalism [25, 63] , one can show that an input state with single frequency is scattered to an output state
where T a (ν) and T b (ν) are given by Eqs. (21) and (22), |ν a is the input state given by Eq. (12), and |ν − ω b is defined as
The corresponding scattering matrix can be constructed as .
Utilizing scattering matrix given above we can consider a more realistic situation and deal with the problem of scattering of a single-photon pulse with finite bandwidth. A general incoming a-mode single-photon state can be written as
where ψ a,in (ν) is the spectral amplitude of the single photon pulse. We assume that the central frequency is near the transition frequency ω 31 , and the pulse width is much less than the effective atom-waveguide decay rate so that the input photon can be safely looked on as an a-mode photon. Using the Smatrix defined above, one can obtain the corresponding output state
Here, the first term represents the elastic scattered component, and the second term is the inelastic scattered component. Notably, in our proposal, the state of emitter is initially prepared in its ground state |1 . After of single-photon scattering, the emitter again return to its ground state, as shown by the output state (44). Thus we can start next frequency-conversion operation without requiring initialization of the atomic state once again.
The efficiency of frequency conversion is defined as the area ratio of the inelastic scattered component to the input pulse. Assuming that the spectral amplitude ψ a,in (ν) has been normalized, i.e., dν|ψ a,in (ν)| 2 = 1, the efficiency of frequency conversion takes the form
As shown in Sec. II B, the contribution from off-resonance frequencies degrades conversion efficiency, thus to obtain a conversion efficiency close to 1, first, the central frequency of the wave packet should be on-resonance with the transition channel |3 ↔ |1 , and second, the pulse width d of |ψ a,in | 2 should be much less than the width of transmission spectra |T a | 2 and |T b | 2 . Based on the results in Sec. II B, this can be summarized as
Under these conditions, |ψ a,in | 2 can be approximated as a δ-function, namely, |ψ a,in | 2 ∼ δ(ν − ω 31 ), thus accord-
In this case of quasimonochromatic input, if the losses through dissipation are negligible, then we have |T b (ω 31 )| 2 = 1 [see Fig. 2(a)-(c) ]. This means that conversion efficiency close to unity is possible. Note that condition (46) can also guarantee that the pulse widths of the incoming and outgoing photons are much less than the effective atom-waveguide decay rate, so that they can be safely treated as a-mode and b-mode photons, respectively.
As an example, we take a wave packet with Gaussian-type spectral amplitude
where d is the pulse width. Fig. 3(a) and 3(b) shows the efficiency of frequency conversion for a Gaussian pulse given by Eq. (47) as function of pulse width d for fixed Γ = Γ 21 + Γ 31 and different η = Γ 21 /Γ 31 . Clearly, when the photon loss is not included and the pulse width d satisfies the condition (46), a conversion efficiency close to unity can be achieved [ Fig. 3(a) ], which is in accordance with our earlier analysis. While Fig. 3(b) shows the efficiency of frequency conversion when low photon loss is included. In this case, for a sufficiently narrow photon pulse satisfying condition (46), according to Eq. (26), the efficiency can be approximated as
, which is verified by Fig. 3(b) .
At the end of this section, we give the main results of frequency up-conversion case. The scattering matrix in this case 
For an incoming b-mode single-photon state
with normalized spectral amplitude ψ b,in (ν). The corresponding efficiency of frequency conversion is the area ratio of the inelastic scattered component to the input pulse and has the form
III. EXPERIMENTAL REALIZATION IN SUPERCONDUCTING QUANTUM CIRCUITS
A. Effective Hamiltonian for superconducting quantum circuit We now further study our proposal by considering a more concrete example. We specify our three level superconducting quantum system to a flux qubit (also called artificial atom), which is embedded at the end of a semi-infinite onedimensional transmission line, as sketched in Fig. 4 . The flux qubit circuit consists of a superconducting loop with three Josephson junctions. The two larger ones are identical and have the same Josephson energies E J1 = E J2 = E J and capacitances C J1 = C J2 = C J , while for the third junction E J3 = αE J and C J3 = αC J , with α < 1. The semi-infinite transmission line has characteristic inductance l and capacitance c per unit length. The qubit circuit is coupled to the semi-infinite transmission line through a coupling capacitance C c . The incident single photon and the control microwave field are applied through the input port. A circulator is used to separate the input and output photons.
Following the method used in Refs. [44, 60, 61] , we derive the Hamiltonian of the full system, which consists of the flux qubit, the transmission line and the coupling parts. The Hamiltonian of flux qubit part is given bŷ
where β = C c /C J , E C = e 2 /(2C J ) is the charging energy. δ p = (δ 1 + δ 2 )/2 and δ m = (δ 1 − δ 2 )/2 are defined by the phase drops δ 1 and δ 2 across the two larger junctions. The charge number operatorsn p = −i ∂ ∂δp andn m = −i ∂ ∂δm are conjugate variables of δ p and δ m . f = Φ ext /Φ 0 is the reduced magnetic flux. Here Φ ext is an external magnetic flux through the qubit loop and Φ 0 = h/(2e) is the flux quantum. We choose the lowest three energy levels |1 , |2 and |3 , which can form a ∆-type three-level artificial atom when f =0.5 [48] , to implement our frequency conversion scheme. Using the three lowest eigen states, one can truncate the Hilbert space of the atom part into three dimensions and rewrite the atomic Hamiltonian (51) aŝ
Here the energy of the ground state |1 is set to zero as reference. Let us now consider the free Hamiltonian of the transmission line. We assume that the transitions frequencies greatly exceed the line widths, which can be verified by the following numerical simulations using experimentally feasible parameters in Sec. III B. We also assumed that the difference between ω 32 and ω 21 are exceed the line widths. Thus we can treat the transmission-line modes as three different quasimonochromatic modes. The photon modes coupling the transitions |1 ↔ |3 and |1 ↔ |2 are relevant to input and output single photons, thus we treat them as quantized fields. While the strong driving filed coupling the energy levels |2 and |3 is treated as classical one. The two quantized photon modes is described by the Hamiltonian
Here we have mapped the left-and right-modes in a semi-infinite transmission line to a unidirectional transporting chiral modes in a infinite transmission line, as shown in Fig.1(a) . We are only interested in photons with narrow bandwidths in the vicinity of atomic transition frequencies, thus the integrals in (53) should be carried out over narrow intervals around k 31 and k 21 , with corresponding frequency ω 31 and ω 21 , respectively.
Under rotating wave approximation, the interaction between the propagating photons and the flux qubit is governed byĤ
is the coupling strength between the flux qubit and quantized a-and b-mode photons in the transmission line. n ij = i|n m |j is the transition elements. In general, V ij is ω k dependent. However, in our case only photons within a narrow bandwidth around the atomic frequency ω ij can effectively couple to the qubit, therefore we approximate the coupling constant V ij as its value at ω k = ω ij . This assumption is equivalent to the Markovian approximation [64] . Using the Fermi Golden Rule [44, 65] , one can verify that the interaction Hamiltonian (54) gives rise to the rate of spontaneous emission into the transmission line as follows
where Z = l/c is the characteristic impedance of the transmission line. Finally, we give the Hamiltonian describing interaction between the classical field and the flux qubit. In the presence of a classical microwave field, the voltage felt by the qubit locating at the end of the transmission line is 1 2 V c (e −iωt + c.c.), where V c and ω are the amplitude and frequency of the classical field, respectively. Here, we assume V c is real and ω ≃ ω 32 . Under rotating wave approximation, the corresponding interaction Hamiltonian can be written aŝ
is the Rabi frequency of the classical field. We assume that in the entire frequency range of interest the linear dispersion relation holds. Thus the frequency of a-and b-mode photon can be written as
, respectively, where ω a (ω b ) is some arbitrary frequency near ω 31 (ω 21 ), k a (k b ) is the corresponding wave vector. v g is the group velocity of the propagating photons. In a rotating reference frame defined by the unitary transformation,
the total Hamiltonian can be written aŝ
Here we have set k
and including the dissipation rate γ i of the atom (including the contributions of pure dephasing and photon loss to other modes), one can get the effective real-space Hamiltonian (1) . Note that in Hamiltonian (1), we have adopted renormalized frequencies by making a change of variables ω 31 −ω a → ω 31 , [45, 60, 61] . One can find that the transition matrix elements have comparable values when the reduced flux is slightly away from the degenerate point f = 0.5, all the three transitions are nonzero, the flux qubit can then be used as a ∆-type artificial atom [48] to realize the scheme shown in Fig 1(b) . Note that the spacing between energy levels is highly tunable by adjusting the flux bias, enabling a broadband dynamic range in our frequency convertor. Figure. 5(c) shows the spontaneous emission rate Γ ij as a function of reduced magnetic flux f . One can see that Γ ij are about three orders of magnitude smaller than the energy separations of the three-level system. Thus our previous treating the transmission line modes as distinct ones is reasonable. In Sec II B. we have shown that for both frequency upand down-conversion cases, to obtain an efficiency close to 1, sufficiently low photon loss should be guaranteed, namely, the condition (32) should be satisfied. Note that in condition (32) , γ 3 models the spontaneous emission of the atomic level |3 due to coupling to the degrees of freedom other than a-modes. Specifically, these including the degrees of freedom in the environment and the transmission-line modes coupling to the transition |2 ↔ |3 , where the corresponding decay rates are defined asγ 3 and Γ 32 , respectively, satisfying γ 3 =γ 3 + Γ 32 . While γ 2 describes the spontaneous emission of the atomic level |2 due to coupling to modes other than b-modes. To satisfy condition (32), we suggest that the emitter is perfectly coupled to the transmission line, i.e., γ 2 ≃ 0, γ 3 ≃ 0, and at the same time Γ 32 ≪ Γ 31 . These conditions are experimentally feasible in our proposal based on superconducting circuits. Firstly, recent experiments [38, [41] [42] [43] have demonstrated that the microwave photons can be coupled extremely efficiently to a single artificial atom, showing extinction efficiencies in an open transmission line up to 99.6% [41] . That is to say, the majority of the decayed light from the artificial atom is guided into transmission line modes (so called "strong coupling" between the atom and the transmission line [24, 30] ), meaning that γ 2 ≃ 0,γ 3 ≃ 0. In addition, the condition Γ 32 ≪ Γ 31 can be guaranteed by biasing the flux qubit around f = 0.485, or f = 0.515, as shown in Fig. 5 
(c).
To verify above analysis, we plot the conversion efficiencies for perfect coupling case (i.e., γ 2 ≃ 0, γ 3 ≃ Γ 32 ) as functions of f around these two areas, as shown in Figs. 6(a) and 6(b). The solid line is the conversion efficiency for frequency down-conversion case, and the dashed line for frequency up-conversion case, respectively. Here we assume the photon is monochromatic and on-resonance, the according conversion efficiencies are given by |T b | 2 in Eq. (26) (frequency down-conversion case) and |T a | 2 in Eq. (39) (frequency up-conversion case), respectively. Clearly, these results give the upper limits (i.e., single frequency limits) for the case of a single-photon pulse with finite bandwidth. Specifically, the flux bias f = 0.4845 and f = 0.5155, indicated by the vertical thin lines in Figs. 6(a) and 6(b), are optimal for frequency conversion. The corresponding conversion efficiencies are 95.9% for frequency down-conversion case (solid line), and 96.1% for frequency up-conversion case (dashed line), respectively. In addition, for both down-conversion and up-conversion cases, efficiencies over 90% can be obtained in a desirable flux bias range 0.4812 < f < 0.4898 or 0.5102 < f < 0.5188, as shown by the shaded areas in Figs. 6(a) and 6(b) .
When biasing the flux in this region, while Γ 32 is much less than Γ 31 , but the corresponding transition elements |n 32 | is not so small, as shown in Fig. 5(b) , thus energy levels |2 and |3 can be easily coupled by applying a classical driving field. Our simulation shows that, if the circuit parameters are the same as those in Fig. 5 , to obtain a Rabi frequency satisfying the condition (25) or (38) , the order of magnitude of the am- plitude of the classical field should be 10 −7 ∼ 10 −6 V, which is experimentally feasible [66] .
In practice, a single-photon pulse is always with finite bandwidth. Fig. 7 shows input Gaussian photon pulses and resulted outputs, illustrated by the case of frequency down-conversion. The flux bias is set as f = 0.4845, which is optimal for frequency conversion. The corresponding frequency separations of qubit are ω 31 /2π = 20.318 GHz, ω 21 /2π = 17.033 GHz and ω 32 /2π = 3.285 GHz, and the spontaneous decay rates are Γ 31 /2π = 0.118 GHz, Γ 21 /2π = 0.041 GHz, and Γ 32 /2π = 0.005 GHz. According to recent experiments [41] , we assume thatγ 3 /Γ 31 = γ 2 /Γ 21 = 0.001. That is to say, the qubit-waveguide coupling efficiency is about 99.9%. In Figs. 7(a) and 7(b) , the solid blue curves show the input pulses centered at frequency 20.318 GHz, which is on resonance with the |1 ↔ |3 transition. Dashed blue curves . Input and output pulses for the case of frequency down conversion. The input Gaussian pulses with different pulse widths, shown by the solid blue curves, are centered at frequency 20.318 GHz : (a) The width of input pulse is 0.05 GHz; (b) The width of input pulse is 0.005 GHz. Dashed blue curves are the elastically scattered (i.e., frequency-unshifted) outputs, and dot-dashed red curves are the inelastically scattered (i.e., frequencyshifted) outputs. The flux bias is set as f = 0.4845, the qubitwaveguide coupling rate is 99.9%, other circuit parameters are the same as in Fig. (5) . are the elastically scattered (i.e., frequency-unshifted) outputs, and dot-dashed red curves are the inelastically scattered (i.e., frequency-shifted) outputs. In Fig. 7 (a) the width of input pulse is 0.05 GHz, which is comparable to Γ 21 . In this case, the condition (46) is not satisfied. The frequency-unshifted outputs are not negligible, as shown by the dashed blue curve in Fig 7(a) . Consequently, the conversion efficiency is lowered to 78.6% due to off-resonance effects, far below the single frequency limit 95.9%. On the contrary, in Fig. 7(b) the width of input pulse is 0.005 GHz, satisfying condition (46) . In this case, the elastically scattered outputs almost vanish [see the dashed blue curve in Fig. 7(b) ] because the offresonance effects can be negligible. Accordingly, the conversion efficiency is up to 95.5%, only slightly below the single frequency limit 95.9%.
In experiments, the input field can also be a weak continuous microwave field (probe field), instead of a singlephoton. If the input continuous field is sufficiently weak (single-photon limit), our analytical calculations based on single-photon scattering problem can still well describe the frequency-conversion process. If the input power is increased, the conversion efficiency becomes lower due to saturation of the atom. In this nonlinear region, we can treat the problem numerically. Here we take the case of frequency downconversion as an example. We can write down a semi-classical Hamiltonian by assuming the input (coupling levels |1 and |3 ) and control fields (coupling levels |2 and |3 ) as two continuous microwave fields with Rabi frequencies Ω p and Ω, respectively. We can obtain the transmission coefficients (frequency-conversion efficiency) of the input field using master equation method (see Appendix for details). In our simulation, the circuit parameters are chosen as those in Fig 7. In Fig. 8(a) , we compare the analytical results [Eq. (21) and Eq. (22)] with numerical ones under condition Ω p ≪ Γ 31 . We can see that when the input continuous microwave field is sufficiently weak (Ω p = 0.01Γ 31 ), the numerical results are in good agreement with the analytical ones obtained by treating the input field quantum mechanically. Clearly, in this weak field (or single-photon) limit, a high conversion efficiency close to 1 can be obtained, as shown in Fig. 8(a) . When the Fig. (7) .
power of the incident microwave is increased (Ω p ∼ Γ 31 or Ω p > Γ 31 ), the atom will be saturated, resulting a lower transmission probability |T b | 2 (i.e., down-conversion efficiency). Note that in this nonlinear region, the analytical calculations by taking single-photon limit fail. But the transmission spectra can still be numerically calculated using master equation method. Fig. 8(b) shows the transmission spectra when Ω p = 0.5Γ 31 . One can see that for a resonantly incident field, the conversion efficiency |T b | 2 ≃ 37.2%. The transmission coefficients for on-resonance input fields as functions of Ω p are given in Fig. 8(c) . With increasing Ω p , more photons of the microwave field Ω p transmit without interaction with the atom because of the saturation of the atom excitation. Consequently, the transmission |T a | 2 monotonically increases, as shown by the dashed line in Fig. 8(c) . On the other hand, only the photons interacting with the atom can convert to frequency-shifted ones, thus with increasing Ω p the ratio of down-converted photons to input photons must become smaller. Consequently, the transmission probability |T b | 2 monotonically decreases, as shown by the solid line in Fig. 8(c) . We should emphasize that, when single-photon condition Ω p ≪ Γ 31 is satisfied, the system we studied can work as an idea frequency convertor with conversion efficiency close to 1.
IV. CONCLUSIONS AND DISCUSSIONS
In summary, we study an efficient single-photon frequency conversion in microwave domain based on superconducting quantum circuits. Our proposal requires a single threelevel superconducting artificial atom with ∆-type transition configuration embedded at the end of a semi-infinite onedimensional transmission line. The frequency conversion can be controlled and optimized by tuning the parameters (strength and detuning) of the applied microwave field. We demonstrate that this device can achieve single-photon frequency up-or down-conversion with efficiency close to 100%.
As an example, we study the frequency conversion using superconducting flux qubit circuits. We show that conversion efficiency higher than 95% can be obtained with experimentally feasible parameters. Note that throughout our proposal, the state of emitter only needs to be manually prepared to ground state once. After frequency-conversion operation, the emitter will return to its ground state and is ready for the next operation cycle. Our convertor also works in a broadband frequency range. For example, by changing the flux bias of a flux qubit circuit, the frequencies of input and output photons, and accordingly, the difference between them are highly tunable (a few GHz). The device studied here is suitable for on-chip integrations and may have broad applications in areas such as quantum information processing utilizing superconducting circuits, microwave single-photon detection, and quantum interface connecting devices operating at different frequencies in the future hybrid quantum network.
In our proposal, a control field Ω is used to optimize the conversion efficiency. We note that the quantum fluctuation of the control field should in principle be included when the strength of the control field is finite. However, in the parameter regime that we discussed, we find that the finite amplitude effect is negligibly small when the Rabi frequency of control field is comparable to the decay rates. Similar to the derivation for input field in Appendix, we can derive that the average photon-number of the control field within decay time scale 2π/Γ 32 is N = πΩ 2 /(2Γ 2 32 ). If we let the Rabi frequency of control field satisfy Eq. (25) and use experimentally feasible parameter given in Sec. III B, we find N ≃ 37, which is much larger than 1. Note that only when N ≪ 1 the control field should be treated as single-photon field and the quantum fluctuation of the control field play significant role. Thus we can safely neglect the fluctuation of the control field within the parameter regime that we considered.
We emphasize that although our discussions on physical realization of our proposal are focused on superconducting circuits, the general analysis in Sec. II A can also be applicable for other quantum systems with ∆-type transition structure, including chiral molecules [67] [68] [69] , asymmetric quantum wells [67] , and natural atoms with the two metastable states coupling by a microwave through magnetic-dipole transition [70] . Thus, the frequency convertor based on our scheme can be implemented in a variety of systems and work at other frequencies besides microwave.
In this appendix, we numerically calculate the frequency conversion efficiency using a semiclassical method. Here we discuss the frequency down-conversion case only. We treat both the weak input field (couples levels |1 and |3 ) and the strong control field (couples levels |2 and |3 ) as continuous microwave fields. Note that the end of the transmission line is broken at x = 0. Under this boundary condition, the external voltage signal (not including the fields re-emitted by the atom) in the semi-infinite transmission line can be written as
which includes incident field and directly reflected field. Here, without loss of generality, we assume that the amplitudes V p and V c are real. The voltage felt by the artificial atom (flux qubit) locating at the end of the transmission line (x = 0) is
Note that the probe (control) field with frequency ν (ω) is nearly resonant with the transition channel |1 ↔ |3 (|2 ↔ |3 ). Thus under rotation wave approximation, the Hamiltonian of artificial atom can be written aŝ
where the Rabi frequencies are defined as Ω p = 1 |q 31 |V p and Ω = 1 |q 32 |V c , respectively. Here q ij is matrix elements of effective charge operatorq = 2eβ 1+2α+2βn m (like dipole moment matrix elements in atomic physics).
It is convenient to work in the interaction picture. Here we definê
with ν ′ = ν − ω. After usingĤ s → e iĤ0tĤ s e −iĤ0t , we find in the interaction picture, the Hamiltonian of this driven three-level system readŝ
where the detunings are defined as ∆ p = ν − (ω 3 − ω 1 ), ∆ = ω − (ω 2 − ω 1 ). The dynamics of the atom can be described by the master equation 
Without loss of generality, we can replace q ij by its absolute value |q ij | (i.e., move the phase factor of q ij into ρ ji ). This oscillating charge as a point-like source can re-emitting microwave into the transmission line. The net wave in the transmission line should be superposition of the externally applied waves and the re-emitted waves by the artificial atom, which satisfies the relevant one dimensional wave equation:
where v g = 1/ √ lc is the group velocity, l and c are characteristic inductance and capacitance per unit length. Specifically, the components of the field oscillating at frequencies ν and ν 
where T a and T b are defined as photon number transmission coefficients. Substituting Eqs. (A9) into Eqs. (A8), and after some calculations, we have
To give the single-photon condition of the input field, we can define an average number of photons per interaction time 2π/Γ 31 as N = 2πP/( νΓ 31 ). Here the probe power is P = (V If the input field Ω p is sufficiently weak (Ω p ≪ Ω, Ω p ≪ Γ 31 , Ω p ≪ Γ 21 ), the analytical expressions of the induced coherence between levels |1 and |2 (|3 ), up to the first order of Ω p , can be written as Substituting above results into Eqs. (A10) and (A11), we find Eqs. (21) and (22) in the main text (which obtained by treating the input field as single photon) can be repeated. This means that in this weak-inout (or single-photon) limit, the two methods are equivalent.
When the power of the incident microwave is increased (Ω p ∼ Γ 31 or Ω p > Γ 31 ), the atom will be saturated. In this nonlinear region, the analytical calculations by taking weakinput-field (or single-photon) limit fail. But we can still numerically calculate the steady-state density matrix elements ρ ij by utilizing the mater equation (A5), and further obtain transmission coefficients through Eqs. 
